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Spontaneous channeling of solitary pulses in heated film flows
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Abstract. - We investigate the dynamics of a liquid film flowing down a uniformly heated wall.
We use a four-field weighted-average model for the film thickness, the surface temperature and
the two-dimensional flow rate vector. Time-dependent simulations are rationalized in a phase
diagram. For small Reynolds numbers we observe regularly spaced rivulets aligned with the
flow that prevent the development of hydrodynamic waves while for large Reynolds numbers, the
evolution is similar to that observed in the isothermal case, i.e. wave-dominated. The transition
between the two regimes is characterized by an intricate pattern formation dynamics, including
regimes of quasi-2D solitary pulses riding the crests of rivulets.

An isothermal liquid film falling down a vertical plane is
an intriguing hydrodynamic phenomenon that exhibits a
sequence of wave instabilities and transitions which are
generic to a large class of hydrodynamic and other non-
linear systems: after several spatial/temporal transitions
of (naturally excited) unstable disturbances the initially
2D wave evolution gives way to a fully developed 3D wave
regime. This stage of the evolution is ‘weak/dissipative
turbulence’: indeed despite the apparent complexity one
can still identify 3D pulses in what appears to be a ran-
domly disturbed surface (see e.g. [1]). 3D pulses then be-
come elementary processes so that the dynamics of the sys-
tem can be described as a superposition of these pulses [2].
Hence, a falling liquid film can serve as a canonical refer-
ence system for the study of weak/dissipative turbulence.
Three-dimensional hydrodynamic waves have been inves-
tigated experimentally by various authors [3–5] who have
provided a clear picture of the phenomenology and intri-
cate dynamics of interacting 3D waves in isothermal film
flows.
When the falling film is uniformly heated from the wall, as
encountered in thin-film evaporators and cooling of elec-
tronics, its dynamics is influenced, in addition to inertia
and surface tension, by the variation of surface tension
with temperature, namely the long-wave thermocapillary
(Marangoni) effect [6–8], which possibly leads to rivulet-
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like structures aligned with the flow as predicted by linear
stability analysis [9]. Joo et al. [10] modeled the nonlin-
ear stage of such rivulet structures by incorporating the
Marangoni effect into the Benney equation (MBE). The
Benney equation in the absence of the Marangoni effect
(BE) is the simplest nonlinear film evolution equation that
accounts for inertia and thus includes the basic physics of
hydrodynamic waves in falling liquid films [11, 12]. How-
ever, the validity of BE, and thus MBE, is restricted to
small Reynolds numbers (Re � 1). Indeed both mod-
els experience a finite-time blow-up at some Re = O(1),
which was shown in both cases to be due to the high-order
nonlinearities originating from inertia [13]. This blow-up
is clearly unphysical as shown by comparison with direct
numerical simulations (DNS) in the case of heated falling
films [14]. In isothermal conditions, though a regularized
version of BE [15] does predict instead saturated solitary
waves in the inertia-dominated regime (Re > 1), it is
known to unrealistically underpredict the amplitude and
phase speed of waves [16].

In this letter we examine the 3D wave dynamics of a ver-
tical heated falling film in the region where inertia (hy-
drodynamic) and thermocapillary instabilities are equally
important, i.e. Re � 1. We propose a model of four evo-
lution equations for the film thickness h, the streamwise
and transverse flow rates averaged across the film, q and p
respectively, and the interfacial temperature θ, all depen-
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dent only on time t and in-plane coordinates (x,z), with
x along the main flow and z in the transverse direction.
Slow time and space modulations of the basic flat-film
state have been assumed, namely ∂t, ∂x, ∂z ∼ ε � 1 where
ε is an ordering parameter. Having posed self-similar pro-
files in terms of the natural similarity variable ȳ = y/h
(y being the cross-stream coordinate), namely a parabolic
profile for the velocity f0(ȳ) = ȳ + (1/2)ȳ2 and a linear
profile for the temperature g0(ȳ) = ȳ, the model has been
obtained by averaging along the thickness the momentum
and energy equations with weights taken equal to f0 and
g0, respectively, like in the Galerkin method (details of
the procedure are given in [17] for the 2D case). Provided
the no-slip condition applies on the wall and the viscous
stresses balancing the (thermo)capillary effects at the free
surface, the average momentum equation at order ε has
the form
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where ∇ = (∂x, ∂z), q = (q, p) and i is the streamwise
unit vector. The first four terms of the r.h.s. account for
the gravity acceleration, viscous shear stress, Marangoni
effect and surface tension, respectively, and the remaining
terms are due to inertia. Then, provided the temperature
field is uniform at the wall and satisfies the Newton’s law
of cooling at the free surface, the average energy equation
at order ε has the form
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where the first term of the r.h.s accounts for the in-depth
heat transfer and the remaining terms are due to heat
convection. The system is closed by mass conservation

∂th + ∇ · q = 0 .

The lengthscale and timescale are lν = (ν2/g)1/3 and
tν = (ν/g2)1/3, with ν the kinematic viscosity and g
the gravitational acceleration. The governing dimension-
less groups are the Kapitza number Γ = σlν/ρν2, the
Marangoni number Ma = γΔT lν/ρν2, the Biot number
Bi = αlν/k and the Prandtl number Pr = ν/χ, with ρ the
density, σ the surface tension and γ = −dσ/dT its vari-
ation with temperature, ΔT the temperature difference
between the wall and the ambient gas, α the heat trans-
fer coefficient at the liquid-gas interface, k the thermal
conductivity and χ the thermal diffusivity. The Reynolds
and Weber numbers appear implicitly through the thick-
ness of the uniform flat film hN as Re = gh3

N

/
3ν2 and

We = σ/ρgh2
N. All numbers are taken of O(1), except

Γ ∼ We = O(ε−2). For isothermal conditions (Ma = 0),
the present model reduces to the O(ε)-version of the 3D
model given in [18], validated against both DNS and ex-
periments. Notice that the coefficients in the momentum

and energy equations differ from unity because of the non-
uniformity of the base state profiles, precisely represented
by f0 and g0. For example 5/6 = (
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0 and
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0
f0). These coefficients are neces-

sary to recover the MBE obtained in [10] through a gra-
dient expansion of the present model in the limit Re � 1.
For both numerical purposes and presentation of the re-
sults, the thickness is rather scaled by hN and the time by
νWe1/3/ghN in what follows. A pseudo-spectral scheme
has been employed to solve the above system of equa-
tions, details and validation of which will be reported
in a separate study. The computational domain is pe-
riodic of size 2π/kx × 2π/kz where kx = 2kz = 0.05.
The initial condition is white noise of maximum ampli-
tude 1/1000th of hN. Computations are terminated when
the film thickness reaches a ‘minimal thickness’ of about
h ∼ 10−3 for which long-range intermolecular forces can-
not be neglected. Consequently, we refer to rupture when
the film reaches this minimal thickness, independently of
the subsequent dynamics that depends on the nature of
these intermolecular forces (see e.g. [19]). Parameters are
those corresponding to a water film at 20◦C (Γ = 3375,
Pr = 7) with ΔT = 2.8◦C (Ma = 25) and α = 1000
W/m2K (Bi = 0.1). The flat film thickness hN is varied
between 54 and 116 μm, corresponding to 0.5 < Re < 5.
Finally, to evaluate the three-dimensionality of the devel-
oped wave patterns, we use the energies of deformation in
each direction, noted Ex(t) and Ez(t), as defined in [10];
given a computational domain of size Lx ×Lz, discretized
with M ×N regularly spaced grid points with coordinates
xi = iLx/M and zj = jLz/N , they have the forms
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where the spatial Fourier coefficients are defined by

am(z, t) =
M−1∑
i=0

h(xi, z, t) ei 2πmi/M

bn(x, t) =
N−1∑
j=0

h(x, zj , t) ei 2πnj/N ,

and i =
√−1 is the imaginary unit. As an example, Ex �

Ez indicates that the deformation occurs mainly in the
transverse direction with practically no deformation in the
streamwise direction (though we can still have flow in the
streamwise direction).
Figure 1 depicts snapshots of the free-surface evolution
for a small Reynolds number and reveals the process by
which rivulets are formed due to the Marangoni effect:
the formation of circular patterns at early stages (a) rem-
iniscent of the onset of (thermal) dewetting patterns on
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(a) t = 500 – {0.998,1.002} (b) t = 1000 – {0.988,1.012}

(c) t = 1500 – {0.952,1.052} (d) t = 2000 – {0.926,1.077}

(e) t = 2500 – {0.888,1.108} (f) t = 3000 – {0.781,1.213}

Fig. 1: Water film free surface at different times for Re = 0.5.
Bright (dark) zones correspond to elevations (depressions) of
the film whose extrema are given in brackets.

horizontal substrates [19–21] (due to the small flow rate)
is followed by the development of a 2D periodic wave train
(b,c) together with drop-like accumulation that breaks the
2D waves into 3D patterns (d), forming meanders (e,f)
and finally rivulet structures aligned with the flow whose
snapshot right before rupture is shown in fig. 2a. By in-
creasing the Reynolds number, distinct wave regimes can
be observed as shown in fig. 2. Furthermore, the evolu-
tion of energy of deformations enables to rationalize their
qualitative differences just before rupture: I – Ex ↘,
Ez ↗ – hydrodynamic waves are damped in time while
regularly-spaced rivulets grow until rupture; II – Ex ↗,
Ez ↗ – quasi-2D pulses ride the crests of rivulets; III –
Ex ≈ Ez ∼ cst – fully 3D waves develop with no rupture.
In regime III the two energies are very close to each other
as the transverse modulations are now due to hydrody-
namics. Regime II corresponds to spontaneous channel-
ing of quasi-2D solitary pulses, which are either regular
(IIr) or transversely modulated (IIm). Physical mecha-
nisms dominating each regime are detailed below.
Regime I is purely dominated by thermocapillary effects,
and is the only one that can be described by the single
film equation MBE [10, 19]. Indeed, as Re increases, the
amount of fluid in the rivulets increases, which then in-
creases the local film thickness, hence the ‘local Reynolds
number’, which is in favor of the hydrodynamic insta-
bility triggered by inertia. But at the same time the
rivulets have a stabilizing effect on the pulses: as the
width of a rivulet is constant in the streamwise direc-
tion (whether a pulse is present or not), the transverse
curvature ∂zzh increases with the local thickness h (i.e.
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Fig. 2: Typical wave pattern for each regime (or phase). See
legend of fig. 1. The times for (a-c) are near rupture. Plots
show streamwise (Ex) and transverse (Ez) energies of defor-
mations.

when a pulse is present). As a result the induced capil-
lary pressure is larger in the hump of the pulses than in
the flat zones in-between which then creates a pressure
gradient that drags some liquid out of the humps thus
reducing their amplitudes. The competition between the
two above mechanisms (inertia and streamwise capillarity)
is responsible for the transition I–IIr. In IIm the quasi-2D
solitary pulses riding the rivulets experience a transverse
instability, which, however, does not lead to their com-
plete disintegration. An analogy can be made here with
isothermal films on a vertical planar substrate where iso-
lated 2D solitary waves experience an instability in the
transverse direction leading to 3D wave patterns [18]. As
Re then increases from IIr (fig. 2b) to IIm (fig. 2c), the
mean radius of curvature of the rivulets increases thus
approaching the ‘planar’ limit and the waves riding the
rivulets are more prone to transverse instabilities. Topo-
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Ridge-like, I & IIr Groove-like, IIm

Fig. 3: Cross-section of rivulet structures induced by lateral
thermocapillary flow. A ridge-like structure has quasi-two-
dimensional solitary waves riding on them while a groove-like
structure allows for transverse modulations of solitary pulses.

logical differences are sketched in fig. 3. In IIr (like in I)
rivulets form ‘ridges’ while in IIm the situation looks more
like ‘grooves’ that split the film into channels wide enough
for the 3D hydrodynamic waves to survive; 7 grooves in
fig. 2c. Finally, regime III is dominated by inertia effects
with little or no influence of thermocapillarity. The tran-
sition II-III thus occurs at some Re when the film does
not rupture.
Wavelengths of rivulet structures are reported in fig. 4
(circles) along with the different phases described in fig. 2.
The solid line shows the linear stability result found from
the pure thermocapillary problem [9] or equivalently from
our model by suppressing the streamwise dependence:
λriv = 4π(1 + Bih̄N)(Γh̄N/3BiMa)1/2 with h̄N ≡ hN/lν =
3
√

3Re the dimensionless flat film thickness. Importantly,
notice that the transition IIr-IIm coincides with the de-
parture of the wavelength from its linear prediction, sig-
nature of transversely-modulated solitary wave dynamics
along the rivulets.
To conclude, we have found regimes of spontaneous chan-
neling of quasi-2D solitary pulses and have determined
their conditions of existence. These regimes should be par-
ticularly attractive from the experimental point of view,
especially as fluid flow settings where 2D waves can be
stabilized are quite rare. The novelty of the resulting pat-
tern might very well be generic for systems exhibiting a
competition between monotonic and oscillatory (or wave)
instabilities with anisotropy (here, due to the direction of
the basic flow).
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